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IN THIS article, a connection is established between certain terms of the Kauffman poly- 
nomial F,(a, z) of a non-split, alternating link L, and certain terms of the Tutte polynomial 
x&x, y) of the graph G associated with a black-and-white colouring of the regions of a 
reduced alternating diagram of L. This has the following geometric consequences: 
THEOREM 1. The writhe of a reduced alternating diagram of an alternating link L is an 
isotopy invariant of L. 
THEOREM 2. If a prime link L has a reduced alternating diagram with Conway basic 
polyhedron l*, 6* or 8*, then any other reduced alternating diagram of L has the same Conway 
basic polyhedron. 
These theorems result in quick tests which will often distinguish between links having 
alternating diagrams with the same number of crossings; links having reduced alternating 
diagrams with different numbers of crossings are automatically distinguished by Cor- 
ollary 1 of [12] (proved also in [4] and [9]). Also, as L. H. Kauffman has pointed out, it 
follows from Theorem 1 that any reduced alternating diagram of an amphicheiral alterna- 
ting knot must have writhe 0. K. Murasugi, in [lo], has independently obtained a different 
proof of Theorem 1; he has discovered a formula relating the extreme powers of t in the 
Jones polynomial VL(t) with the writhe of the reduced alternating diagram of L and the 
signature of L. I am grateful to W. B. R. Lickorish for making the following important 
observation: since F,(u, z) determines VL(t) (see [7]), the combination of these two proofs of 
Theorem 1 yields the result that, for alternating links L, F,(a, z) determines the signature. 
That the polynomial F,(a, z) does not determine the signature in general is evidenced by the 
knot 9,, and its obverse: these knots share the same Kauffman polynomial, yet have 
different signatures. 
Theorem 2 may be regarded as a tentative first step towards settling the famous “flyping 
conjecture” (see [ 111, $2). 
In proving the results of this article, substantial use is made of the ideas in M. E. Kidwell’s 
paper [6]. We use the same terminology as in [ 121, except that in deference to custom we now 
say that a diagram with no nugatory crossing m is reduced (rather than 
“irreducible”). As in [12], a diagram is prime if it is not decomposable as a non-trivial 
diagrammatic connected sum .Of course, a prime diagram might represent 
a composite link, or indeed a split link; moreover, a connected, non-prime diagram can 
represent a prime link. The reader is also referred to [12] for graph-theoretical definitions 
and background information on the Tutte polynomial. The original paper introducing the 
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Kauffman polynomial is [S], and the reference for Conway basic polyhedra of diagrams 
is [2]. 
Let D be a diagram of an oriented link L, and let the writhe, or algebraic crossing 
number, of D be w. It is convenient to assume that a black-and-white (chequerboard) 
colouring of the regions of D has been chosen. Rather than deal directly with F,(a,z), we 
shall deal with the related polynomial A,(a,z)=a”F,(u, z). This polynomial A,(a, z) is 
characterized by the following list of properties: 
(i) AD is a regular isotopy invariant of diagrams of L; 
(ii) AD= 1 if D is a simple closed curve; 
(iii) (the kink formulae) A w = a A QQ and A @= a-’ Am ; 
(iv) (the switching formula) A,+ + A,_ = z(A,, + ADm), where 
D,, D_ , D,, D, are diagrams which are identical except in the vicinity of the site of a 
single crossing of D + , where they differ as shown in Fig. 1. 
These definitions of D + , D- , D,, D, depend on the choice of black-and-white colouring 
of the regions of D, but the symmetry of the switching formula ensures that AD does not 
depend on this choice. 
Later in this article, we shall need the well-known basic properties of AD set out in the 
following proposition. 
PROPOSITION 3. 
(i) (W. B. R. Lickorish) Let D be a diagram with writhe w ofa link with c components, and 
let i be the usual complex number such that i* = - 1. Then AD(i, z)= i”( - l)‘- ‘. 
(ii) Let D be a link diagram with n crossings, and let the polynomial A,(a,z) be written as 
C u,, a’z’. Then u,, # 0 implies that n + r + s is even. 
(iii) lf D is a connected sum of link diagrams D,, D,, then A,=A,,A,,; if D is a disjoint 
union of diagrams D,, D,, then A,=((a-‘+a)~-‘-l)A,,A,,. 
The three parts of Proposition 3 are easily proved by induction on the “complexity” 
(n, k) of a diagram Dt where n is the number of crossings of D and k is the least number of 
crossing switches required to change D to a diagram of an unlink. Complexities are ordered 
lexicographically, and the inductive step is achieved by means of the switching formula 
for A. 
Proposition 3(iii) extends in an obvious way to diagrams which are connected sums or 
disjoint unions of finitely many link diagrams. 
The next theorem is a preliminary step towards Theorems 1,2, but is of intrinsic interest. 
It is a straightforward extension of Theorem 1 of [6]. 
D, D- ‘Jo Dal 
Fig. 1. 
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THEOREM 4. Let D be an n-crossing link diagram which is a connected sum of link dia- 
grams D, , . . . , Dk. Let A,(a, z) = C u,, a’z’), and let b, , . . . , b, be the lengths of the longest 
bridges of D1,,.., Dk respectively. Then, for each non-zero coejicient urS, 1 rJ +s < n 
and s<n-(b,+ . . . +b,). 
Thus the non-zero coefficients 
interesting to compare this result 
2-variable polynomial of [3]. 
of AD lie inside the region illustrated in Fig.2. It is 
with Theorems 1, 2 of [S], which apply to the other 
Proof of Theorem 4. An initial observation is that in view of Proposition 3(iii), it is 
sufficient to consider the case where D is connected and k = 1. 
Let us look now at the three ways of changing a diagram D to a diagram D’ illustrated in 
Fig. 3; in each case, we claim that if the non-zero coefficients u,~ of AD satisfy the constraints 
1 r I+ s < n, s < n-b,, then so do the non-zero coefficients of ADZ. Consider, for example, the 
case where D’ is obtained by superposing a loop on D. Let the diagrams D, D’ have 
respective crossing-numbers n, n’ and respective maximal bridge-lengths b, b’. Then n’ > n, 
n’-b’>n-b and &,.=a *‘AD as D’ is regularly isotopic to a diagram consisting of D 
with a kink adjoined. Let R, R’ be the regions in the (r,s)-plane corresponding to the 
inequalities )r I + s < n and s < n - b, ) r I + s < n’ and s < n’- b’ respectively. Then the non-zero 
coefficients of Aof lie in a translate of R by one unit to the left or right, and this translate is 
clearly contained in R’. The other cases are dealt with similarly. 
The proof is completed by induction on the “complexity” n-b of a connected diagram 
D. If n-b = 0, then D is a diagram of a trivial link with n crossings, and so A0 is of form 
am((a-l+a)z-‘-l)c-‘, where m is the writhe of the diagram and c is the number of 
components of L. Since (m( <n the conclusion of the theorem holds in this case. Suppose 
s 
r 
Fig. 2. 
( i 1 mtroduction of 0 
nugatory crossing 
(ii) superposition of a 
looP 
(iii) superposition of a 
simpb closed curve 
TOP 27:3-E Fig. 3. 
314 Morweh B. Thistlethwaite 
now that D is a diagram for which n-b > 0, and that the conclusion holds for all diagrams 
of lower complexity. From the remarks relating to Fig. 3, we may assume that D has no 
nugatory crossing, no “superposed loop”, and no “superposed simple closed curve”. Then it 
is possible to change the sign of a crossing adjacent to the longest bridge of D, so as to 
obtain a diagram D' for which n’ = n and b’ > 6. Referring to Fig. 1, let us take (without loss 
of generality) D,, D_ to be the diagrams D, D' respectively, and let us take D,, D, to be the 
diagrams obtained by nullifying this crossing. The diagrams Do, D, are both connected, as 
the nullified crossing was not nugatory. The diagrams D_ , D,, D, all have lower 
complexity than D + ; the inductive step now follows by application of the switching formula 
for A, keeping track of the appropriate regions in the (r, s)-plane. n 
We next consider alternating links, and establish in Theorem 5 the connection with the 
Tutte polynomial. Let D be any n-crossing diagram, with polynomial AD = C u,~ urzs. Let A, 
be defined as the “truncated” polynomial obtained from AD by deleting all terms a,, a’? for 
which Jrl+s<n or s<n-2. From Theorem4, 
If D + is a connected, alternating diagram with n 2 3 crossings, and with at least one non- 
nugatory crossing, then D + has a non-nugatory crossing, the switching of which results in a 
diagram D _ with a bridge of length 3. The nullifications of this crossing result in connected, 
alternating diagrams D,, D,. By Theorem 4, AD=O, so from the switching formula we 
obtain the vital result: 
Let G + be the graph obtained as in [ 12) from a black-and-white colouring of the regions 
of the alternating diagram D + , the colouring being chosen so that the crossings are all 
w positive . 
4 
Let xG + (x, y) be the Tutte polynomial of G + . Recall the fact, explained in 
[12], that Xcr=xGo+X Ga if G,, G, are the graphs corresponding to the diagrams obtained 
from D, by nullifying a non-nugatory crossing. 
For any connected, alternating, n-crossing diagram D with graph G obtained as in the 
previous paragraph, let tio(u. z)=?‘x~(u- ‘z- ‘,a~-‘), and let tJD be obtained from ll/D by 
truncating, exactly as A, was obtained from A,. Then $,+ =z($~~+$~~ ), that is tJD+ 
satisfies the same recurrence relation as A,+. Moreover, it is easily checked that qD = A,, for 
all connected, alternating diagrams with 3 crossings, or with all crossings nugatory. 
Therefore tJD = A,, for all connected, alternating diagrams D with II > 3 crossings. 
We can now gain some understanding of all coefficients u,, of AD for which s >, n - 2. By 
Proposition 3(ii) and Theorem 4, the only such coefficients which can be non-zero are 
U-1.n-1, Ul.n-1, U-2.n-2, UO.n-23 UZ.n-2. Also, by Proposition 3(i), u~,~- 2= 
U- 2,n _ 2 + u2. n _ 2 if n > 3. Therefore we have the following result. 
THEOREM 5. Let D be a connected, alternating diagram with n 3 3 crossings, and let G be 
the graph associated with the black-and-white colouring of the regions of D for which the 
crossings of D all huce positice sign. Let A,(u, z) = C p,(u) zs, and let xG(x, y) = C t’,, x’y’. 
Then 
p._l(u)=~,~ou-l +v,.,u, and 
Pn-2(U)=t.2.0U-2+(C.2.0+~o,2)+~o.2U2. t 
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Remark. It is clear from the preceding discussion that the conclusion regarding pn _ 1(a) 
holds also for connected alternating diagrams with 2 crossings; this is readily verified by 
direct examination of all possible types of connected 2-crossing alternating diagram. 
We shall concentrate henceforth on the coefficient ’l,Oa-l + co, 1 a of z”- ‘, and use it to 
establish Theorems 1 and 2. From Proposition 3(i), and from the above remark, we have 
V 1,o =vo, 1 for n>2, so this coefficient may be written as ~(a-’ +a) with K a non-negative 
integer. Indeed, it is a well-known graph-theoretical result that vi. o = vo, 1 for any graph 
with at least two edges. Furthermore, if D is a prime alternating diagram with at least two 
crossings, then the associated graph G is non-separable, that is G cannot be disconnected by 
the removal of a single vertex together with its incident edges; it then follows from 
Proposition 3 of Cl23 that in this event K is strictly positive (the corresponding result for the 
polynomial QL(x)=FL(lrx) is contained in Theorem 2 of [6]). 
Now, let L be a link admitting a prime, reduced alternating diagram D with n crossings 
and writhe w. Clearly, na2, so by the argument of the previous paragraph the coefficient of 
z”-i in An(a,z) is K(U-l +a) with K>O. Let D’, with writhe MI’, be any other reduced 
alternating diagram of L; from Corollary 1 of [12], D’ also has n crossings. Since A is an 
invariant of regular isotopy, Ar,V=uw’-“AD, and the coefficient of 9-l in AD, is therefore 
KUW'-W(U-l+u). F rom the constraints stated in Theorem4, w’ must equal w, and the 
conclusion of Theorem 1 follows in the case where L admits a prime, reduced alternating 
diagram. The general case follows from this special case in conjunction with 
Proposition 3(iii) of this article and Corollary 1 of [ 123. 
The number K=v~,~ = vo. 1 is referred to in [l] as the chromatic invariant of the 
associated graph G. It has the well-documented property (see for instance [l]) that it is 
invariant with respect o insertion of new vertices in the middle of edges (Fig. 4i). Equivalen- 
tly, via duality, it is invariant under doubling of edges (Fig.4ii). Translating into the 
language of link diagrams, K depends only on the Conway basic polyhedron of D (see [6], 
which again contains the corresponding result for QL(x)). 
Theorem 5 raises the question as to whether either of AD, xc determines the other, for 
connected alternating diagrams D. The example illustrated in Fig. 5, shows that xG does not 
(i) 1 ii ) 
Fig. 4. 
Fig. 5. 
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determine A,: the diagrams illustrated have different A-polynomials, yet the associated 
graphs have the same Tutte polynomial. This is easily seen by changing the crossings 
marked x, y and applying the switching formula; D, = E,, D, = E,, but D_, E _ have 
different A-polynomials. This example gives the stronger result that the Kauffman poly- 
nomial of a link with diagram D, is not determined by the link types represented by the 
diagrams D,, D, obtained by nullifying a crossing of D, 
On the other hand, it is certainly true, and easy to check from its recurrence formula, that 
xc is invariant under Tait’s flyping operation ~--.-~ . Therefore xc is an 
invariant of the alternating link L if it is true that any two reduced alternating diagrams of L 
are related via a sequence of flypes. This “flyping conjecture” of P. G. Tait seems at present 
far from being resolved, but at least we have the result that the graphs corresponding to the 
respective basic polyhedra of these diagrams must have the same chromatic invariant. 
The remainder of this article is devoted to showing that the basic polyhedra l*, 6*, 8* 
are the only ones for which K= 1, 2, 3 respectively; the conclusion of Theorem 2 will then 
follow immediately. This contrasts dramatically with the fact that there are infinitely many 
basic polyhedra for which rc=4 (Fig. 6). 
It is convenient o deal with the embedded planar graphs, i.e. planar maps, correspon- 
ding to black-and-white colourings of the regions of basic polyhedra. We shall call such 
embedded graphs basic. An embedded planar graph G is basic if and only if: (i) G is non- 
separable, (ii) each vertex of G has valency at least 3, (iii) each region of the planar map 
determined by the embedding of G has at least 3 edges on its boundary. Property (i) is an 
expression of the fact that the polyhedron is prime, and properties (ii), (iii) exclude the 
possibility of the polyhedron having a 2-sided region (“flap” in Kirkman’s terminology 
Cl 11). 
If G is a basic graph, let n(G) be the number of edges of G, and let K(G) be its chromatic 
invariant; if e is an edge of G, let Gh, Gz be the graphs obtained by deleting and contracting 
e respectively. Since G is non-separable, both G: and G: are connected, and K(G)= 
rc(Gh)+ rc(GL). The desired objective, namely the proof that the basic polyhedra l*, 6*, 8* 
are the only ones for which K = 1, 2, 3 respectively, will be achieved by means of the 
following lemma, together with a check on all basic polyhedra of up to 12 crossings. 
LEMMA 6. Let G be a basic graph with n(G)>6. Then there exists a basic graph H with 
O<n(G)-n(H)<4 and K(H)<K(G). 
Proof Various cases will be considered, and it will seen that they cover all eventualities. 
Let us say that an edge of G is critical if G: or Gl is separable. We note that G:, G;’ cannot 
both be separable, as this would imply k-(G)=O, contradicting the fact that G is not 
separable. 
Case 1. G has a critical edge e. Without loss of generality we consider only the case 
where CL is separable, as the case where Gi is separable is dealt with by means of a dual 
argument. Let the edge e, whose deletion from G renders G separable, be incident to regions 
Fig. 6. An infinite family of basic graphs, each with ~=4. 
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R,, R2, and let the ends of e be ri, 02. If each of R,, R, has more than 3 edges on its 
boundary, then G; is basic, n(G)-n(Gi)= 1, K(G~)=K(G) and we are done. Suppose now 
that the boundary of R, has 3 edges, and vertices t’i, c~, uj. Under the hypotheses t‘3 is a 
cutvertex of CL, that is the deletion of uJ together with its incident edges from CL results in a 
disconnected graph. In the graph G, Us is incident to both regions R,, R,, but these regions 
cannot be adjacent in the cyclic order of regions incident to uj: if they were so adjacent, then 
either u1 or u2 would be a cutvertex of G, contradicting its non-separability. Therefore L’~ 
has valency at least 4. If the boundary of R, also has 3 edges, then there are at least two 
edges of G linking ui to u,; as G has no two-sided region, the valency of ui must therefore be 
at least 4. Let e, be an edge linking vi to u3. Since G% is separable, and the vertices I’ 1, t’) 
have sufficiently large valency, H =G;, is a basic graph for which n(G)- n(H)= 1 and 
K(G)= K(H). If R, has more than 3 edges on its boundary, then a suitable basic graph H may 
be formed by contracting e, and then deleting one of other edges of R,. 
Case 2. G has no critical edge, and G has an edge e with either of the properties: (i) each 
end of e has valency at least 4; (ii) e is incident to regions each of which has at least 4 sides, In 
this case, the respective assignments (i) H = CL, (ii) H = Gr yield the desired basic graph. 
6’ 
K 2 
II’ 
K 6 
RI A e R -- 
Fig. 7. 
Dzl 
II 
@I 
6 
7 9 9 
Fig. 8. Basic graphs of up to 12 edges. 
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At this point in the proof, we note that since n(G) > 6, either G or its dual has a region 
with at least 4 sides, by Euler’s formula. 
Case 3. G has no critical edge, G has a region with at least 4 sides, and any region sharing 
an edge with R has 3 sides. Let R, be one of these 3-sided regions, which must share just one 
edge, e say, with R. Let u be the vertex of the boundary of R, which is not incident to e. If L 
has valency at least 4, then contraction of e followed by deletion of one of the other edges of 
R, yields a suitable H. Finally, suppose u has valency 3. If we assume that we are not in 
case 2, no two consecutive vertices on the boundary of R have valency more than 3, so R, 
shares an edge with just one other of the 3-sided regions which share an edge with R, as 
indicated in Fig. 7. Then the transformation of Fig. 7 yields a suitable H. w 
Armed with Lemma 6, to prove Theorem 2 it is sufficient o check that no basic graph of 
up to 8 +4= 12 edges, apart from the graphs of 6* and 8*, has chromatic invariant less 
than 4. A list of these embedded graphs, complete up to planar duality, is given in Fig. 8, 
together with their chromatic invariants. I am grateful to David Seal, formerly of 
Cambridge University, for providing me with this list. 
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